The paper investigates a single period imperfect inventory model with price dependent stochastic demand and partial backlogging. The backorder rate is a nonlinear non-increasing function of the magnitude of shortage. Two special cases are considered assuming that the percentage of defective items follows a truncated exponential distribution and a normal distribution respectively. The optimal order quantity and the optimal mark up value are determined such that the expected total profit of the system is maximized. Numerical example is given to illustrate the proposed model which is compared with the traditional model of perfect stock. Sensitivity analysis is performed to explain the behavior of the proposed model with respect to the key parameters.
INTRODUCTION
The traditional inventory models generally assume that an ordered lot contains all perfect items and hence, the possibility of shortage due to imperfect items in the accepted lot is ignored. But in reality, this concept is not fully acceptable in view of the extensive use of acceptance sampling in the quality control process in today's business 200 and industry scenario. Ignoring this possibility may cause shortage during the selling season, and consequently increase the operating costs of the inventory system apart from loss of sales and customer goodwill in the highly competitive market. The objective of the paper is to analyze the optimal ordering and pricing policies for the retailer such that the expected total profit of the system is maximized.
Shih [33] analyzed two inventory models, a deterministic EOQ model, and a single period stochastic inventory model assuming that the ordered lot contains a random proportion of defective items. He developed optimal solutions to the modified systems and compared them numerically with the traditional models. Moinzadeh and Lee [21] investigated the effect of defective items on the order quantity and reorder point of a continuous-review inventory model with Poisson demand and constant lead time. Paknejad et al. [25] considered a random number of defective units in the ordered lot in a continuous review system (s, Q) with stochastic demand and constant lead time. They developed explicit results for the cases of exponential and uniform demand during lead time assuming that the number of defective items in a lot follows a binomial process. Affisco et al. [3] also investigated the effect of lower set up cost on the operating characteristics of the model. Porteus [29] analyzed the process of quality improvement and set up cost reduction, and determined the optimal lot size for an inventory model in his paper. Rosenblatt and Lee [31] developed a production inventory model with imperfect production process. Lin [20] presented a stochastic periodic review integrated inventory model involving defective items, backorder price discount, and variable lead time. Panda et al. [28] developed a single period inventory model with imperfect production and random demand under chance and imprecise constraints. Wee et al. [37] analyzed an optimal inventory model for defective items and shortage backordering. Chang et al. [6] studied Wee's [37] model to include the well known renewal-reward theorem and derived closed form solutions for the optimal lot size, backorder quantity and the maximum expected net profit. Hu et al. [14] investigated a two-echelon supply chain system with one retailer and one manufacturer for perishable products. They proposed two fuzzy random models for the newsboy problem with imperfect items in the centralized and decentralized systems. They used expectation theory and signed distance to transform the two fuzzy random models to the crisp ones. They showed that manufacturer's repurchase strategy can increase the whole supply chain profit. Nasri et al. [22] considered a basic EOQ model that allows stock out and backordering assuming random number of defective items. They gave closed form expressions for the cases when the proportion of defectives follows uniform and exponential distributions. Paknejad et al. [26] adjusted the EOQ model with planned shortages and quality factor. Nasri et al. [23] developed an EMQ model with planned shortage and random defective units. Cheng [10] discussed an EPQ model with process capability and quality assurance considerations. Goyal et al. [13] surveyed integrated production and quality control policies for EPQ inventory models. They provided closed form expressions when the proportion of defective units in a lot follows a one-sided truncated exponential distribution. In two recent papers Nasri et al. [22, 27] studied the relationship between order quantity and quality for processes that have not yet achieved the state of statistical control.
Khouza [17] gave a note on the single period newsboy problem with an emergency supply option. He did an extensive literature survey on the single period news-vendor problem in his paper [18] , and suggested directions for future research. 201 Geunes et al. [12] considered an infinite horizon inventory system in the newsvendor model. In the present competitive market, the selling price of a product is one of the most important decisive factors to the buyers. Generally, higher selling price of a product negates the demand, and reasonable and low selling price increases the demand of the product. Whitin [39] first developed an inventory model with price-dependent demand. Chao et al. [9] discussed joint replenishment and pricing decisions in inventory systems with stochastically dependent supply capacity. They analyzed a single period periodic review system with price dependent stochastic demand. Recently Qin et al. [30] reviewed the newsvendor problem and provided directions for future research.
In many of the articles discussed in literature either shortages are not allowed, or if occur, they are considered to be completely backlogged. However, in today's highly competitive market providing varieties of products to the consumers due to globalization, partial backorder is a more realistic one. For fashionable items and high-tech products with short product life cycle, the willingness of a customer to wait for backlogging during the shortage period decreases with the waiting time. During the stock-out period, the backorder rate is generally considered as a non-increasing linear function of backorder replenishment lead time through the amount of shortages. The larger the expected shortage quantity is, the smaller the backorder rate would be. The remaining fraction of shortage is lost. This type of backlogging is called time-dependent partial backlogging. Abad discussed many pioneering and inspiring backlogging rates as functions of waiting time. Abad [1] developed an optimal pricing and lot-sizing inventory model for a reseller considering selling price dependent demand. Abad [2] formulated optimal lot sizing policies for perishable goods in a finite production inventory model with partial backlogging and lost sales. Liao et al. [19] investigated a distribution-free newsvendor model with balking and lost sales penalty. Zhou et al. [41] analyzed manufacturer-buyer co-ordination in an inventory system for newsvendor type products with two ordering opportunities and partial backorders. They developed a newsvendor type co-ordination model for a single-manufacturer single buyer channel with two ordering opportunities. The excessive demand after the first order is partially backlogged and both parties share the manufacturing setup cost of the second order (if occurs). It was showed that the decentralized system would perform best if the manufacturer covers utterly the second production setup cost, opposite to what was shown by Weng et al. [38] . They extended the model of Weng et al. [38] in the sense that the second order decision is made by the buyer based on the channel's benefit rather than only on the buyer's benefit. Chang et al. [7] investigated a partial backlogging inventory model for noninstantaneous deteriorating items. They assumed that the demand of the items are stock dependent, and proposed a mathematical model and a theorem to find minimum total relevant cost and optimal order quantity of the model under inflation. Chang et al. [8] deal with the optimal pricing and ordering policies for a deteriorating inventory model with limited shelf space. They considered that the demand of an item is dependent on the on-display stock level and the selling price per unit. They extended the traditional EOQ inventory models to two types of models for maximizing profits and derive the algorithms to find the optimal solution. Oberlaender et al. [24] analyzed dual sourcing strategies using an extended single-product newsvendor model with two order points. They used an exponential utility function to model different risk preferences. They showed that dual sourcing strategies are always preferable to an exclusive offshore approach, as long as the onshore ordering costs are smaller than the selling price of the 202 product. Also, the more risk-averse the decision maker, the smaller the offshore order quantity is. Newsvendor models are widely used in literature assuming risk neutrality. Wang et al. [36] discussed a loss-averse newsvendor model and showed that when the shortage cost is not negligible, the optimal order quantity may increase the wholesale price and decrease the retailer's price, which can never occur in the risk neutral newsvendor model. Yang et al. [40] studied a newsvendor, who decides an order quantity and selling price to maximize the probability of achieving both profit and revenue targets simultaneously. They found that the probability depends critically on the relative magnitudes of the profit margin and the ratio between the profit target and the revenue target. They showed that if the product has greater price elasticity, the best strategy is always to price lower and order more. Tang et al. [34] investigated dynamic pricing in the newsvendor problem with yield risks. Arcelus et al. [4] evaluates the pricing and ordering policies of a retailer, facing a price-dependent stochastic demand for newsvendor type products under different degrees of risk tolerance and under a variety of optimizing objectives. Karakul [15] formulated joint pricing and procurement policies for fashion goods in the existence of clearance markets with random demand that follows a general distribution. The regular seasonal demand is assumed to be a linear decreasing function of the price of the product and excessive inventory at the end of the season is sold in the clearance market at a discounted price. He showed that the expected profit function is unimodal irrespective of the existence of clearance market. Donohue [11] analyzed efficient supply contracts in an inventory model for fashion goods with forecast updating and two production modes. Cachon [5] investigated allocation of inventory risks in a supply chain with push, pull, and advance-purchase discount contracts. Sahin et al. [32] proposed a single period newsvendor model where the inventory data capture process using the barcode system is prone to errors that lead to inaccurate data. They derived analytically the optimal policy in presence of errors when both demand and errors are uniformly distributed. In the second part, they examined the qualitative impact of record inaccuracies of an inventory system with additional coverage and shortage cost. Keren [16] developed a special form of the single period newsvendor problem with the known demand and random supply. He formulated general analytic solution for two types of yield risks, additive and multiplicative. Numerical examples are presented for the special case of uniformly distributed yield risk. Analysis of a two-tier supply chain of customer and producer revealed that when the customer orders more, it increases the producer's optimal production quantity. Wagner [35] discussed different inventory models and analyzed their applications in his book "Principles of Operations Research, with Applications to Managerial Decisions".
The present paper develops a single period inventory model assuming that the percentage of defective items in the order quantity is a random variable. Two special cases are considered assuming that the percentage of defectives follows truncated exponential distribution and normal distribution, respectively. The demand of the product is dependent on the selling price and has a random component, which follows a general probability distribution. Shortage may occur, either due to the presence of defective items in the ordered lot, or due to the uncertainty of demand. Shortage, if occurs, is partially backlogged and the remaining fraction is lost. The backorder rate is a negative exponential function of the magnitude of shortage. The optimal order quantity and the optimal selling price are determined. 203 The rest of this paper is organized as follows. In the next section, the assumptions and notations used in the paper are stated. In Section 3, the proposed inventory model is developed, and two special cases are considered in section 4. Numerical examples and sensitivity analysis carried out to examine the sensitivity of the optimal solution in the neighborhood of the key parameters of the model are given in section 5. Section 6 suggests directions for future research in the related area.
NOTATIONS AND MODELING ASSUMPTIONS
The mathematical models for the proposed stochastic inventory models are based on the following notations and assumptions:
Assumptions
i. This is a single period inventory model for seasonal items. ii. Demand per season, Y is a continuous random variable dependent on retailer's selling price p. iii. The ordered lot contains a random number of defective items, which follows a general probability distribution. iv. Shortage may occur in the proposed inventory model either due to the unexpected presence of defective units in the accepted lot or due to the uncertainty of demand. v. Shortages, if occur are partially backlogged. The fraction of shortage backordered is a negative exponential function of the magnitude of shortage. Units unsold at the end of the season, if any, are removed from the retail shop to the outlet discount store and are sold at a lower price than the cost price of the item viz. the salvage value. 
Notations

MODEL FORMULATION
In traditional models, it is generally assumed that the order quantity contains all perfect and usable units. But, in reality, there exist a random percentage of defective units in the delivered lot. If the probability of imperfect units in stock is not considered while formulating inventory policies, then it might increase the operating costs of the inventory system apart from stock outs and loss of customer goodwill. In this paper, a stochastic inventory model is developed assuming random percentage of defective units in the accepted lot. Two special cases are considered presuming that the percentage of defective units in the order quantity follows truncated exponential distribution and truncated normal distribution, respectively. The results are compared with the traditional model of all perfect items.
In the classic single period problem (SPP, newsboy problem or newsvendor problem), the retailer makes orders for seasonal items per unit cost c, and prepares well before the beginning of the selling season since the items generally have a very long replenishment lead time. The items are sold during the season at the unit selling price p mc = . The order quantity Q and the mark up value m are considered as the decision variables in the problem. Demand is probabilistic in nature and also depends on the selling price p.
Model I: Inventory with imperfect items
Let z represent the random percentage of defective items in the ordered lot Q . 
Therefore, expected total revenue earned during the season 1 2
Expected total cost of the system ETC = Ordering cost of perfect units + Expected backorder cost + Expected cost of lost sales 
SPECIAL CASES
The total demand per season is given by Y a b p X = − + . Let the random variable X follow exponential distribution and the probability density function of X is given by ( ) 0 
Percentage of defectives in the ordered lot follows truncated exponential distribution
In this case, the probability density function of Z is 
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Therefore, maximizing ETP with respect to the decision variables Q and m, we get the optimal values of the decision variables Q* and m*, respectively, satisfying the required necessary and sufficient conditions given by (3.10) and (3.11).
Percentage of defectives in the ordered lot follows truncated normal distribution with mean μ and standard deviation σ
The probability density function of Z is as follows: Proceeding similarly as in Section 4.1, we get the optimal inventory policy of the proposed model in this case also.
NUMERICAL EXAMPLES AND SENSITIVITY ANALYSIS
Numerical Example
Example1:
The following values of the given set of parameters are taken c = 100, C b = 130, C l = p -c + 50, a = 1000, b = 3, ε = 0.001, v = 50, λ = 1/400, θ =1/ 0.2, µ = 0.2, σ = 0.05 in appropriate units. The outputs (optimal solutions) generated by computer are presented in Table 1 and Table 2 . Tables 1 and 2 show that the expected total profit ETP* is greater ($122362.0 -$117504.0 = $4858.0) in case of normally distributed percentage of defectives than the exponential case, though the optimal mark up value m* is higher in the second case. Comparing the results in Table 3 with the results in Tables 1 and 2 , we see that the optimal order quantity Q* increases significantly in imperfect cases (23% (approx.), in case of exponential distribution, and 25% (approx.) in case of normal distribution) compared to the perfect case. The expected total profit ETP* is, however, greater in the traditional case than in the defective cases, which is expected. If the traditional optimal policy (Q*, m*) = (587.887, 2.5757) is substituted in the profit functions of cases with exponentially and normally distributed defective items, then ETP = $115167.0 and ETP = $119210.0, respectively are obtained. Therefore, if a retailer adopts the traditional optimal policy when the order quantity contains imperfect items then he/she will incur a potential loss of profit (2% (approx.) in case of exponential distribution, and 2.6% (approx.) in case of normal distribution), which depends on the probability distribution of the percentage of defective items in the order quantity. The numerical results are further explained with the help of the following 3D graphs drawn below by using MATHEMATICA. 
Sensitivity analysis
The proposed inventory model is further analyzed through sensitivity analysis in case of exponentially distributed percentage of defectives (θ = 1/0.05) in the order quantity with respect to the key parameters of the model using the following Tables 4-10 From the Figures 3 -9 , we observe that i. From Fig. 3 , we see that S* is slightly sensitive to η and decreases as η increases, which is expected since the cost of lost sales C ls rises as η increases. The other variables Q*, m*, and ETP* are insensitive to η. ii. From Fig. 4 , it is found that, the optimal expected profit ETP* is highly sensitive to a and increases rapidly as a increases. Further, the rate of increase rises for higher values of a. The variables Q*, m*, and S* are moderately sensitive to a and increase as a increases. iii. From Fig. 5 , S* is moderately sensitive to C b and decreases as C b increases. Q* and ETP* are slightly sensitive to C b . Q* increases as C b increases, whereas ETP* decreases. However, m* is insensitive to C b . iv. From Fig. 6 , S* is moderately sensitive to the salvage value v and decreases as v increases. This is justified, since higher value of v motivates overstock and hence lower expected shortage. Q* is also moderately sensitive to v. ETP* and m* are slightly sensitive to v and increase with v. v. From Fig. 7 , Q* is slightly sensitive to µ and increases as µ increases. However, the other variables are insensitive to µ. vi. From Fig. 8 , Q* is slightly sensitive to 1/θ and increases with 1/θ. Though, the other variables are insensitive to 1/ θ. vii. From Fig. 9 , ETP* is highly sensitive to b and decreases rapidly as b increases. The rate of decrease falls with b. The optimal mark-up m* is again highly sensitive to b, whereas, Q* and S* are moderately sensitive to b.
From the above sensitivity analysis we conclude that the parameters a, b, and v should be estimated carefully since the optimal solution is highly/moderately sensitive with respect to these parameters. Figure 12 shows that in case of exponentially distributed percentage of defectives as increases from 3% to 10%, the expected profit decreases from $122567.0 to $121569. However, for normally distributed percentage of defectives, the decrease in expected profit is negligible. Therefore, while formulating optimal inventory policies extra care is needed in the exponential case for the given set of parameter values.
CONCLUDING REMARKS
In this paper, a single period stochastic inventory model is developed assuming random percentage of defective units in the order quantity. The demand of the product is random as well as sensitive to the selling price of the product. The optimal order quantity and selling price are obtained to maximize the expected total profit. In the present scenario of globalization and stiff competition, the business firms are giving more and more importance to reduction of on hand stock and acceptance of good quality and perfect items only in inventory to maximize the expected profit of the system. This is the reason behind the evolution of "Just In Time inventory" or "JIT". Consequently, quality inspection and acceptance sampling has become very important in the industry nowadays. Rigorous inspection of each item in the ordered lot is impossible in most cases and sometimes it might be destructive. The quality inspection process is thus based on sample inspection and hence, it is not full proof. There is always the possibility of having defective items in inventory and additional measures must be taken to minimize the expected total cost. The paper can be extended by considering quality improvement policies, capacity planning of the system or production inventory models with variable set up costs. 
2 ) ( ) Comparing the terms of (4.10) and (4.11) we conclude that 
